New and surprisingly simple representation is found for the heterotic string bosonic effective action in three dimensions in terms of complex potentials. The system is presented as a Kähler σ-model using complex symmetric 2 × 2 matrix (matrix dilaton-axion) which depends linearly on three Ernst-type potentials and transforms under U-duality via matrix valued SL(2, R). Two discrete automorphisms relating ten isometries of the target space (U-duality transformations) are found and used to generate the non-trivial Ehlers-Harrison sector by a map from the trivial gauge sector. Finite transformations are obtained in a simple form in terms of complex potentials. New solution generating technique is used to construct EMDA double-Kerr solution. PASC number(s): 97.60. Lf, 04.60.+n, 11.17.+y 
It was found recently that the low-energy effective theory of the toroidally compactified heterotic string possesses large internal symmetries when reduced to three [1] and two dimensions [2] . This phenomenon was firstly described [3] within a framework of the dilaton-axion gravity theory, which is initially formulated in four dimensions and incorporates a dilaton, an axion and one U(1) vector field. Two related features are essential: i) unification of T and S dualities within a larger (U-duality) group in three dimensions [3] , ii) symmetric space nature of the target space of a corresponding three-dimensional σ-model [4] , which renders further two-dimensional reduction of the theory to be fully integrable [5, 6] . It is worth noting that derivation of these properties includes dualization of certain variables, so that symmetry group acts on potential space [7] rather than on the primary metric and vector field variables. U-duality group for dilaton-axion gravity (Einstein-Maxwell-dilaton-axion (EMDA) coupled system) in three dimensions is SO (2, 3) , while the target space is the coset SO(2, 3)/(SO(3) × SO(2)) [4] . The corresponding symmetry of the full ten-dimensional toroidally compactified heterotic string effective theory is SO(8, 24) [1] , the EMDA truncation arising when only one vector and no moduli fields excited.
In view of isomorphism SO(2, 3) ∼ Sp(4, R) the EMDA system in three dimensions admits a symplectic formulation [8] which results in the introduction of the "matrix axiondilaton" combining six real potential space variables into one complex symmetric 2 × 2 matrix. Under action of U-duality this object undergoes matrix valued SL(2, R) transformations. In terms of complex variables three-dimensional formulation is equivalent to a Kähler σ-model. Three complex variables introduced in [3, 8] may be regarded as the EMDA analog of Ernst potentials in the Einstein-Maxwell (EM) theory [9] . Due to Sp(4, R) symmetry, various forms of the matrix dilaton-axion in terms of these variables are possible. The purpose of this paper is to present a new simple expression for matrix dilaton-axion which is linear in the Ernst-type variables. This representation reveals useful discrete symmetries and gives a concise and unified form of U-duality transformations.
We deal with the EMDA four-dimensional action
where
E µνλτ F λτ , and
is the complex dilaton-axion field. In physical terms the EMDA action may be regarded as Brans-Dicke-type generalization of the EM theory satisfying additional requirement of continuous electric-magnetis duality. In the purely dilatonic generalization the Abelian electric-magnetic duality of the EM theory is broken, while an axion helps to restore this symmetry extending it to non-Abelian S-duality [10] , SL(2, R). As a result eightparametric symmetry SU(2, 1) of the EM system [11] is transformed into ten-parametric group Sp(4, R) in the EMDA case.
To reduce the action (1) to three dimensions consider a space-time admitting a nonnull (time-like for definitness) Killing symmetry, so that in adapted coordinates
Here metric of the three-space h ij , (i, j = 1, 2, 3), a rotation one-form ω i and a threedimensional conformal factor f depend on the 3-space coordinates x i . Maxwell tensor is parametrized by a time component v of the vector potential
and by a magnetic potential u
Then a twist potential χ is introduced to generate ω i in conformity with the Einstein constraint
where ∇ is the three-dimensional covariant derivative. From six real variables entering a three-dimensional problem as a set of scalar fields one can build, apart from (2), two more complex potentials
in terms of which after reduction to three dimensions we get the Kähler σ-model with the target space metric
This formula can be obtained by substituting real potentials in terms of complex ones into the line element found in [3] . The representation of this target space as coset Sp(4, R)/U(2) reads
P, Q being real symmetric 2 × 2 matrices. Their complex combination
can be called "matrix dilaton-axion" for the following reason. Under an action of G ∈ Sp(4, R) on the coset
matrix Z transforms as
where R, S, L are real 2 × 2 matrices comprising ten real parameters of the isometry group Sp(4, R) of (8) 
. This may be interpreted as matrix-valued SL(2, R) transformations: usual SL(2, R) transformations act on scalar dilaton-axion z (2) under S-duality subgroup in a similar way with R, S, L real numbers. Three-dimensional action can now be rewritten in terms of the matrix dilaton-axion as follows
where R is the Ricci scalar of a three space. Comparing this with the initial fourdimensional action (1) we see that now three pairs of real variables are conveniently incorporated into a matrix which enters the action (16) in the same way as scalar dilatonaxion z enters (1).
Due to an invariance of the action under (13)- (15), a concrete form of matrix dilatonaxion in terms of complex potentials is not unique. In [8] a particular form was obtained using the correspondence between target space Killing vectors written in real and Z variables. All elements of the matrix Z were expressed as ratios of two second order polinomials of complex potentials. It turns out that using a sequence of Sp(4, R) transformations one can simplify this form drastically, and ultimately to find Z as a linear function of E, Φ, z. This involves the following chain of operations. First, one makes a shift Φ → Φ − 1, which is a (magnetic) gauge transformation. Then the full matrix Z is shifted on a real matrix Z → Z + σ z (Pauli matrix), this obviously leaves invariant the action (16). This is followed by an inversion Z → Z −1 , (also symmetry of (16)). Finally suitable S-transformation is made followed by change of a sign of Z. This results in an extremely simple final form of Z (here we use "Latin" Ernst potential related to one introduced in [8] as E = iE)
The action (16) is manifestly invariant under Sp(4, R) transformations written in the "matrix SL(2, R) form" (13)-(15). In particular, one useful discrete S-transformation is
("prime" operation). In terms of complex potentials it reads
Anoter useful discrete symmetry operation, which will be called "double priming", is the inversion
It corresponds to
These two discrete maps open a convenient way to express all non-trivial isometries of the Kähler space (8) through three gauge and one scale transformations which are easy to find (see [3] ). Let us do this firstly in the infinitesimal form. The set of three gauge (electric e, magnetic m, and gravitational g) Killing vectors in terms of complex potentials read
and the scale generator is
Ehlers-Harrison-type generators [12, 11] were found for EMDA theory in [3] using real variables, in which they are rather involved. Now they can be obtained simply by "priming" gauge generators
Two generators of S-duality subgroup corresponds to the primed g and s transformations
while the remaining one may be obtained by priming the Ehlers generator
This completes the list of ten sp(4, R) U-duality generators of the three-dimensional reduction of the EMDA theory. The same procedure can now be applied in order to obtain finite U-duality elements in terms of complex potentials. Starting with gravitational
and magnetic
gauge and a scale transformation
which can be easily found by integrating infinitesimal transformations (22)- (25), one can find the remaining six group elements using priming operations (19), (21). The S-duality subgroup will read
the electric and magnetic Harrison transformations are
(38) while the Ehlers-type transformation reads
It can be observed, that the most involved magnetic Harrison-type transformation (38) becomes really complicated if one attempts to separate real and imaginary parts (the result is given in [3] ). An apparent asymmetry between electric and magnetic Harrison transformations (contrary to the case of purely EM system [12, 11] ) is due to the nonAbelian nature of the electric-magnetis duality subgroup (36). However in the present form all finite transformations are quite easy to apply, additional simplification may be achieved by use of the prime operations described above. But even greater simplification comes from the direct use of the matrix dilaton-axion Z. It can be checked that ten transformations listed above correspond to "matrix-valued SL(2, R)" transformations (13)- (15) with the following matrix parameters
Here all real group parameters are equiped with indices corresponding to the above listed transformations. Using the rules (13)-(15) one can show that R, L and S transformations form subgroups of the full symmetry group. Moreover, R and S together form a subgroup, as well as L and S (but not R and L). Together with symmetry under priming (18) this gives rise to a simple generating method. Let Z 0 correspond to an asymptotically flat solution, Z 0 (∞) = Z 0∞ . Then under action of the (S, L) subgroup
Fixing gauges of both seed and resulting solutions so that
one finds for S the following parametrization S = cosh θ e −φ∞ sinh θ sinh θ e −φ∞ cosh θ .
Consider an axisymmetric three-space
If some solution is uncharged Φ = 0, then both E and z satisfy the same vacuum Ernst equation (cf.(19) ). In this case Γ = γ + γ ′ where γ satisfies the pair of equations
while γ ′ satisfies similar primed equations (i.e. with E → z). Now if one takes a seed solution with Φ = 0, specified by an Ernst potential E 0 , one can generate another solution with Φ = 0 adding similar z 0 which is also a solution to the vacuum Ernst equation. Let us specify
and r b , θ b are related to Weyl coordinates as
where σ 
this quantity remains unchanged by the transformation. Hence the transformed solution will be fully described by complex potentials for which one obtains:
where electric Q b and dilaton D b charges are introduced via asymptotics
Masses are related to the seed ones as
Parameters Q b are not independent but satysfy
and D b are related to other parameters as
